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Abstract

We provide a method to systematically construct vector fields for
which the dynamics display transitions corresponding to a desired hi-
erarchical connection structure. This structure is given as a finite set
of directed graphs Gy, ..., Gy (the lower level), together with another
digraph T on N vertices (the top level). The dynamic realizations of
G1,..., Gy are heteroclinic networks and they can be thought of as
individual connection patterns on a given set of states. Edges in T’
correspond to transitions between these different patterns. In our con-
struction, the connections given through I' are not heteroclinic, but
excitable with zero threshold. This describes a dynamical transition
between two invariant sets where every d-neighborhood of the first set
contains an initial condition with w-limit in the second set. Thus, we
prove a theorem that allows the systematic creation of hierarchical
networks that are excitable on the top level, and heteroclinic on the
lower level. Our results modify and extend the simplex realization
method by Ashwin & Postlethwaite.
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1 Introduction

Heteroclinic cycles and networks are invariant sets that are associated with
intermittent behavior in a dynamical system, where typical trajectories re-
currently spend long periods of time near different saddle states. These
structures can display intricate stability configurations and subtly influence
the overall dynamics of the system. As such they have been studied for
several decades, see [1, 2] for two review papers. An excitable connection
is another type of dynamical transition that produces similar behavior, and
differs from a heteroclinic connection only in backwards time.

From a modeling perspective heteroclinic/excitable structures are ade-
quate mathematical objects for producing intermittent system behavior cor-
responding to a fixed connection pattern. Examples include neuroscience [3],
game theory [4] and the study of coupled oscillators [5]. In some cases a
more fine-grained understanding of the transitions between different states is
needed to fully grasp their mechanisms and function—e.g., due to the pres-
ence of an intrinsic hierarchy in the sequential processes, where modulations
typically occur on a “lower level” until the behavior changes substantially,
caused by another process on a “higher level”. Such hierarchical transitions
have been reported to play a crucial role in numerous applications (with no
claim to completeness of the following list): In neuroscience, hierarchy has
been identified as a key feature for a multitude of cognitive processes, such
as creativity, memory formation, and learning, see [3, 6, 7| and references
therein. In mathematical biology, it can cause polyrythms in central pattern
generators believed to steer animal movement [8]. Temporal modulation of
the possible transitions between different states according to a higher-level
process is also relevant for social and biological networks with competition
dynamics [9]. It may indicate the temporal modification of the network it-
self, for example due to physical proximity of mobile individuals or due to
interaction restrictions via temporally evolving natural environments.

In recent years, a complementary question to observing heteroclinic or
excitable structures in given systems has drawn increased attention: How to
construct a dynamical system that possesses a desired connection structure
that is prescribed by a given directed graph (digraph)? This is commonly
referred to as realizing the digraph as a heteroclinic/excitable cycle or net-
work. Different methods have been derived to achieve this under varying
assumptions on the initial digraph [10, 11, 12, 13], and refined with a focus
on properties of the resulting networks [14, 15] as well as efficiency in terms
of the required state space dimension [16, 17]. Systematic obstructions to
the emergence of desired heteroclinic connections have been investigated in
[18].



In this paper, we specifically address the hierarchical aspect in the con-
text of this question by introducing a construction method that realizes given
connection structures with an inherent hierarchy. We start with a finite set of
digraphs Gy, ..., Gy, the lower level of the hierarchy, and another digraph T’
on N vertices which corresponds to the top level. Our construction produces
heteroclinic networks Ny, ..., Ny realizing Gq,..., Gy in bounded regions
of suitable subspaces of a high-dimensional phase space. This is done by
adapting one of the established techniques, the simplex realization method
from [10]. In our system, the top-level transitions are created not as hetero-
clinic, but excitable connections [11] between the N;: Unlike a heteroclinic
connection, an excitable connection from N; to N, passes through a small
neighborhood of, but does not necessarily limit to N; in backwards time—in
fact, the a-limit set may be empty. In forward time, such a connection con-
verges to N and causes nearby dynamics which are phenomenologically in-
distinguishable from their heteroclinic counterpart. In our system, excitable
connections from N; to Ny, exist in any d-neighborhood of N;, this is called a
connection with threshold zero. Examples for similar hierarchical dynamics
have been investigated in the literature, see e.g. [19] and [20] for a network
of coupled phase oscillators, but to our knowledge, this is the first time a
systematic construction process is proposed.

Hierarchical transition structures in phase space are related to the concept
of depth for a heteroclinic connection that was introduced in [21]: Roughly
speaking, a heteroclinic connection is of depth one if its a- and w-limit
sets both consist of a single equilibrium. It is of higher depth if these sets
are larger: A typical heteroclinic trajectory of depth two limits (in forward
and/or backward time) to a heteroclinic cycle, see Figure 2.

The rest of this paper is structured as follows: In Section 2, we recall
the precise definitions of heteroclinic/excitable connections and their rela-
tion. We also briefly review the simplex method for realizing digraphs as
heteroclinic networks by Ashwin and Postlethwaite [10]. Section 3 contains
our main result: We define the term excitable hierarchical network and prove
a realization result for our construction method. In Section 4, we discuss
two examples in detail and show numerical simulations that illustrate our
results and lead to additional conjectures. We conclude with a discussion
in Section 5.
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Figure 1: Heteroclinic (left) and an excitable (right) connections from &;
to fg.

2 Preliminaries

Throughout this paper we are concerned with dynamical systems

&= f(z) (1)

where z € R? and f : R — R? is a vector field that generates a smooth
flow. We first recall some necessary background on heteroclinic and excitable
connections between equilibria of system (1) and extend it to transitions
between invariant sets in phase space. Then we review the simplex method
from [10], which provides a way of constructing dynamical systems with
heteroclinic connections corresponding to a prescribed directed graph. As
we generalize this method in the remainder of this paper, this section also
serves to fix important notation.

2.1 Excitable and heteroclinic connections

Suppose that system (1) possesses two hyperbolic equilibria &;,& € R, If
the intersection between their respective unstable and stable manifolds is
non-empty, i.e.,

W (&) NW*(&) # 0,

then any trajectory in this intersection converges to & in forward time, and to
&1 in backwards time. Such a solution is called a heteroclinic connection from
& to &, see the left panel in Figure 1, and we often denote it by [§; — &
It is well-known that heteroclinic connections can form cycles and networks
(connected unions of several cycles) that are robust to perturbations within
a certain class of dynamical systems—one of the most prominent cases are
equivariant systems and Lotka-Volterra systems, see e.g. [2] for an overview.

If a heteroclinic connection exists, it is not unusual for the intersection
of the respective invariant manifolds to be of dimension greater than one.
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Figure 2: Heteroclinic connection of depth two from the cycle [§; — & — &
to the equilibrium &; can also be interpreted as three excitable connections
with threshold zero from each equilibrium &, &, &5 to €.

This implies that there are uncountably many single connecting trajecto-
ries between the equilibria, and choosing any non-empty subset leads to an
invariant set that may be studied as part of a heteroclinic network.

More generally, one can consider heteroclinic connections not only be-
tween equilibria, but between arbitrary invariant sets: In line with defini-
tion 2.1 in [2], we say that there is a heteroclinic connection [S; — 53]
between two non-empty invariant sets Si, Sy C RY, if there exists at least
one point z € R? such that () # a(z) C S; and () # w(x) C Sy, where a(x)
and w(x) are the a- and w-limit sets of x, respectively.

If the sets S; and Sy are heteroclinic cycles themselves, this leads to
the concept of depth of a heteroclinic connection, see Definition 2.22 in [21]:
Roughly speaking, a connection is of depth two (or more) if there is some x
in this connection such that «(x) and/or w(x) contains not only equilibria.
In this sense, a typical heteroclinic connection between equilibria is of depth
one, since all a- and w-limits are equilibria. An example of a depth two
connection is sketched in Figure 2, where the a-limit of a trajectory is a
heteroclinic cycle between three equilibria.

Strictly speaking, if S; and S5 in our definition above are heteroclinic
cycles, a connection [S; — Ss| between them does not have to be of higher
depth: If there is a depth one connection from an equilibrium in S; to an-
other equilibrium in Sy this will satisfy our definition for the existence of a
connection [S; — Ss]. A stronger requirement would be to ask for a(x) = S



and w(z) = Sy above, but that is too restrictive for our purposes when S;
and Sy are heteroclinic networks: A connection between two networks might
typically connect only parts of the networks on both ends, e.g. subcycles.
We point out this subtlety to alert the reader and therefore will provide ad-
ditional information beyond the mere existence of a connection [S; — 53]
whenever appropriate.

Another, slightly weaker concept for connections in phase space is of
interest, especially when heteroclinic connections are not present. Denote by
Bjs(+) the open neighborhood of size § > 0 around a point or set in R%. An
excitable connection for amplitude 6 > 0 exists between the equilibria & and
& if

Bs(&) NW*(&) # 0,

i.e., if the stable manifold of & comes d-close to (but does not necessarily
converge to) & in backwards time, see [11] and the right panel in Figure 1 for
an illustration. This allows for cyclic connection structures involving sinks,
which is not possible for heteroclinic cycles, where every equilibrium must
have at least one incoming and one outgoing direction, and thus non-trivial
stable and unstable manifolds. For an excitable connection from &; to & the
threshold ¢, (&1, &2) is defined as

5th(£17§2> = 1Ilf{6 > 0 | B5(§1> N Ws(fg) 7é @}

Typically, excitable connections are studied in the presence of noise: Dis-
turbances exceeding the threshold may push a trajectory out of the basin
of attraction of & so that it follows W*(&) and approaches &. A hetero-
clinic connection can be viewed as excitable with zero threshold. As already
pointed out in [11], the existence of a depth-two heteroclinic connection from
a cycle C' to an equilibrium ¢ implies that there are zero threshold excitable
connections from each equilibrium in C' to £ which are not heteroclinic (be-
tween these equilibria), see Figure 2.

We extend the notion of an excitable connection to general invariant sets,
just as for heteroclinic connections above:

Definition 2.1. We say that there is an excitable connection for amplitude
§ > 0 between two non-empty invariant sets Sy, So C R if there is x € Bs(S1)
with () # w(z) C Sy. This is denoted as [S; — Ss)s.

The existence of an excitable connection from S; to Sy means that there is
a trajectory that converges to S5 in forward time and comes d-close to S; at
some point in the past, but typically not for t — —oo.

As for a heteroclinic connection between two sets one may now ask
whether the relevant w-limit set consists of a single equilibrium or whether it



contains more points, e.g. a heteroclinic cycle or network. This could prompt
a notion of depth of an excitable connection. However, a formal definition
seems rather technical and, for our analysis, yields no additional insight,
which is why we do not take this concept further here.

In this paper, we construct vector fields which exhibit excitable connec-
tions with zero threshold between heteroclinic networks. These connections
are not heteroclinic at all, i.e., neither between equilibria nor between cy-
cles/networks, because their a-limits are empty. In contrast to the previous
studies of excitable connections that we are aware of, we do not consider
noise in our systems. Since our excitable connections have zero threshold,
they affect the dynamics in a way that is very similar to a heteroclinic con-
nection in forward time, but not in backwards time. We elaborate on this
later on when we explain and discuss our construction method.

2.2 Design—The simplex method

Let G be a directed graph on a finite set of vertices {vq,...,v,}. A directed
edge from v; to vy, is represented by (v, vg). Further, denote by (A)7,—; the
adjacency matrix of G, i.e., its entries are A;; = 1 if there is an edge from
v; to v, in G, and A;; = 0 otherwise. We are interested in constructing a
dynamical system (1) with connections corresponding to the structure of G:

Definition 2.2. We say that system (1) realizes G as an excitable network
for amplitude 6 > 0, if

(i) for every vertex v; in G there is an invariant set S; C R? such that

(i) there is an excitable connection [S; — Skls if and only if there is an
edge (v;,vg) in G.

Remark 2.3. This is a straightforward generalization of the definition of a
realization of a digraph as an excitable network on equilibria given in [11].

Several methods exist to systematically construct a vector field f which
realizes a given digraph G, see [10, 11, 12, 13]. In particular, any realization
as a heteroclinic network is also a realization as an excitable network with
any amplitude 6 > 0 (i.e., all connections have threshold 0). Depending on
the realization method, there are some (mild) restrictions on the digraph,
and additional equilibria may be created as a byproduct.

In this subsection, we briefly review the simplex method from [10], which
generates a heteroclinic network for a given digraph G. It requires G to



have no 1- and 2-cycles, and its key features are as follows: For each ver-
tex in G, a coordinate dimension is created, and thus, the required space
dimension is equal to the number n of vertices in G. All equilibria belonging
to the heteroclinic network lie on coordinate axes, and all coordinate axes
are dynamically invariant. Coordinate planes contain the desired hetero-
clinic connections prescribed by G, even though connections may also exist
in higher-dimensional subspaces.
The vector field is polynomial and of the following form:

i = <1— Ha:Hz—i—Zaika:i), (2)
k=1

where z = (z1,...,2,)T € R™. If the coefficients a;, are chosen as
a;r >0 if Azk = 1, a;r <0 if Azk = 0, and Qi = 0, (3)

then (2) realizes G as a heteroclinic structure, see [10, Proposition 1]. In
particular, it is a realization of G in the sense of Definition 3.1 for any
amplitude > 0. Note that in system (2) all coordinate axes (and thus all
coordinate subspaces) are dynamically invariant, and the equation has Z}
symmetry, where Z, acts by reflection across each coordinate hyperplane.

3 Two level hierarchy—The simplex-simplex
method

In this section, we introduce a new construction method to generate dynam-
ical systems that exhibit heteroclinic/excitable structures with two hierar-
chical levels. Consider directed graphs Gy, ..., Gy such that G; connects
n; vertices {vi, ... ,vﬁ;j} for each j = 1,..., N. These take the role of dif-
ferent connection structures on the lower hierarchical level. Further, let T’
be a directed graph on N vertices {Vi, ..., Vy}, representing the superstruc-
ture between the individual connection structures given through the G;. As
above, denote by (Afk)%zl and (Au)p,—; the adjacency matrices of G; and
I respectively.

Definition 3.1. We say that system (1) realizes a collection of digraphs
Gi,...,Gy and T as an excitable hierarchical network N for amplitude § >
0, if

(i) every Gj is realized as an excitable network IN; for amplitude 6,

(ii) N is a realization of T' for amplitude § on the invariant sets {N;};.

8



Remark 3.2. A hierarchical collection of digraphs G, ..., Gy and I' as above
can be seen as a higher order interaction structure, such as a directed hy-
pergraph [22]. More precisely, it can be represented by generalizations of hy-
pergraphs which allow for connections between edges, such as an unweighted
2-depth pangraph [23]. In this interpretation, Definition 3.1 describes the
realization of (specific instances of) such higher order structures as a hetero-
clinic or excitable connection structure.

3.1 Construction

Our construction method realizes the connection structures on both hierar-
chical levels via the simplex method. Consider the following system:

N

k=1

i = ((1 —[l27|I* + Z% ) bL(X) = (1- bl(X))> (4b)

Here, X = (Xi,...,Xn)T € RY and its dynamics drives the heteroclinic
superstructure—it is decoupled from the dynamics of the remaining vari-
ables. For suitable parameter values, it is the standard simplex realization
of T'. Furthermore, 27 = (x{,,x{l]) € R% for j = 1,...,N are helper
variables driving heteroclinic dynamics within the heteroclinic substructures
Gy, ..., Gy with parameters chosen according to the simplex method.

The functions b: RY — R are modifications of the bump or transition
function b.: R — R given by

1, z <0,
bo(z) =41 exp<_§)§i(;;()_ oy 0<z<e (5)

0, otherwise
defined through '

LX) = be(]|X — X7|)
where

X7 =(0,...,0, 1,0,...,0)"
jh

are the equilibria of the superstructure realization (4a).
Heuristically, system (4) is the coupling of multiple simplex systems in
coordinates a7, given in (4b), while (4a) guarantees the connection via a

9
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Figure 3: Sketch of the transition function &’ used in (4).

simplex-like driving superstructure. The subsystems that realize the lower
hierarchical level are further adapted as a convex combination via a bump
function. It causes the dynamics of every system on the lower hierarchical
level to be a realization of the corresponding digraph only near one of the
equilibria of the superstructure and to decay to zero everywhere else (to guar-
antee stability). The role of the transition function can further be inferred
from the sketch of its graph in Figure 3. As there is no feedback, the system
of the superstructure can be seen as a driver for the full dynamics.

3.2 The realization result

We formalize the heuristical description of the dynamics of (4) as follows:

Theorem 3.3. Let Gq,...,Gy and I' be a collection of directed graphs as
above, and suppose that they contain no 1-cycles and no 2-cycles. Choose the
coefficients a;, and osz as in (3), according to the adjacency matrices of T
and of G, ..., Gy respectively and let € < ‘/75 Then system (4) realizes this
collection of digraphs as an excitable hierarchical network for any amplitude
0 > 0. In particular, G, ..., Gy are realized as heteroclinic networks, while

the realization of T' contains excitable connections that are not heteroclinic.

Proof. The proof follows from a hierarchical application of Proposition 1 in
[10], which gives the reasoning behind the simplex method. For this discus-
sion, it is convenient to denote the phase space of (4) as

X=X,oX!'®---aX",

where X, is spanned by the coordinates X;,..., Xy and X7 for j =1,..., N
is spanned by the coordinates x{, e ,:U{Lj. This means that v/: X, — R.
System (4a) is decoupled from (4b) and describes the restriction of the full
dynamics to X;. The system and the chosen parameters a;; are identical to
the system discussed in Proposition 1 of [10], which therefore guarantees that
(4a) constitutes a realization of T as a heteroclinic network via the simplex

10



method. In particular, every vertex V; of I' corresponds to an equilibrium
X7 € X, and there is a heteroclinic connection from X7 to X* if and only if
there is an edge (Vj, V) in I'. Below, these heteroclinic connections in the
dynamics of subsystem (4a) will be used to construct excitable connections
between suitable invariant sets in the full dynamics of (4).

To analyze the dynamics of (4b), we first make the observation that the
subspaces {xf = 0} C X are dynamically invariant for any ¢, j. Hence, so are
the affine subspaces

= _ 1 1 N N
= ={(X1,.. . Xnoay, o m x|

X;=1Xy=af =0forallk#ji=1,...,n},

as therein X = X7, which is an equilibrium for (4a). In Z7, the only (dy-
namically) non-trivial coordinates are z7, . .. ,x{lj. Their dynamics (in =) is
governed by (4b), which reduces to

T
= (1 —[l271I* + Zaik(afﬁ)
k=1

due to the fact that X = X7 which causes b/(X) = 1. This system and the
chosen parameters afk are identical to the system discussed in Proposition 1
of [10], which therefore guarantees that the restricted system constitutes a
realization of G; as a heteroclinic network via the simplex method. In par-
ticular, every vertex vf of G; corresponds to an equilibrium §f € =7 with
xf =1 and 917?C = 0 for all k # 7 and there is a heteroclinic connection from
¢ to & if and only if there is an edge (v/,v]) in G,. As before, each of
these heteroclinic connections in particular constitutes an excitable connec-
tion [¢] — &]]s for any § > 0. Note that & are equilibria of the full dynamics
of (4). The heteroclinic network consisting of these equilibria and the corre-
sponding heteroclinic connections between them is a dynamically invariant
set which we denote by N; C &7 C X.

To complete the proof, we show that there is indeed an excitable connec-
tion [N; — Ny|s for any 6 > 0 in the full dynamics of (4) if and only if there
is an edge (V;,V;) in I'. To that end, we first observe that the supports of
the bump functions b’ are pairwise disjoint for different values of j. This is
due to the position of the X7 on the coordinate axes and the specific choice
of e < @ Now fix an arbitrary ¢ > 0 and consider a trajectory

X(t) = (X1(t), ..., Xn(t),21(t), ..., 2k (£), o 2y (B), ...zl (1))

ni nN

with initial condition

1 1 N N
X=(X1, oo, XNy Ty ey Ty e XY ey Ty )



in the subspace
{X; =2t =0forall | # j k and all i}

which is dynamically invariant. In particular, we choose the coordinate en-
tries of X such that X € Bs(IN;). This implies the following:

e X; is close to 1,
e X is close to 0,

o 2. .., :c{lj are close to the heteroclinic network realized by the simplex
system (4b) reduced to =7,

k k
® IY,..., T,

are close to 0.
Furthermore, we choose
o 7¥>0and 2k ... 2% =0,

e X; and X, such that X = (Xj,..., Xy) lies on a connecting trajectory
between X7 and X* for the restricted dynamics (4a).

Then, by construction, in forward time X(t) = (X;i(t),..., Xn(t)) deter-
mined by (4a) converges to X* while only X;, X} are non-zero. In particular,
there are times t** > t* > 0 such that

o X(t) € B.(XY) for t < t*,
o X(t) ¢ B.(X9)U B.(XF) for t € (t*,t**), and
o X(t) € B.(XF) for t > t**.

For ¢t € (t*,t**) the convex combination in (4b) for [,i is such that all z!(¢)
decay towards 0. As soon as t > t**, only the k-th subsystem slowly changes.
Due to the invariance of the coordinate subspaces and our choice of initial
condition, we have

a5ty =af(t)=...=a} () =0
for all ¢, as well as
a7 = af (1= (a7))PE(X) — (1 - bE(X)).

The zeros of the right hand side of this equation for fixed values of X are

/ 1
¥ =0 and 2=+ 2_b’§(X)'

12




In particular, along the trajectory X(¢) through the initial condition specified
above, for t — 0o, we get 2% (t) — 1 since b¥(X (t)) — b¥(X*) = 1. Therefore,
the trajectory X(t) converges to the equilibrium where X = X* 2% =1 and
xt = 0 for all other 4, j, which belongs to N C Z*. This means w(X(t)) C
N;.. As 0 > 0 was chosen arbitrarily, this finalizes the proof that there exists
an excitable connection [N; — Ny]s for any § > 0.

Conversely, if there is no edge (V},V;) in I', then no such excitable con-
nection [N; — Ny|s exists. The reason is that there is not even a connection
from X7 to X* in the reduced dynamical system (4a) because the simplex
method creates dynamics where both X7 and X* are stable within the sub-
space {X; = 0 | I # j,k} if there is no edge between V; and Vj, in I'. This
rules out the existence of solutions starting near X7 and converging to X*.

Finally, the excitable connection [N; — Ny]s constructed above does not
form a heteroclinic connection and no such heteroclinic connection can exist
in the invariant subspace

{Xl:0|l7éjak}>

which contains N;, Nj. A trajectory X(t) in this subspace with w(X(t)) C
N}, requires ¥ # 0 for some 7. If additionally a(X(¢)) C N; then necessarily
limy , o X (t) = X7. Hence, for some t* we have that the k-th subsystem of
(4b) reduces to

. k

Ty = —&;

for all ¢ < t*. In particular, lim; , ., z¥(t) = +o0o0. This means X(¢) has
no accumulation points. Thus, we have a(X(t)) = 0 and X(¢) is not a
heteroclinic connection from N; to Ny. O

In the proof above, we established the existence of excitable connections
with equilibria as their w-limit sets. It seems likely that, for most choices of
the directed graphs, more complex connections exist in the resulting system,
i.e., trajectories which converge to a full subnetwork N, or a non-trivial
heteroclinic substructure of N;. This is linked to the stability of N;: When
N, is, say, fragmentarily asymptotically stable in =7, it is reasonable to
expect a connection with a larger w-limit set than just one equilibrium.

For networks created with the simplex method, no general stability re-
sults are known: While the generated network is never asymptotically stable
if it contains at least one equilibrium with a higher-dimensional (> 2) un-
stable manifold, Ashwin and Postlethwaite [10] conjecture that there is a
larger network which can be asymptotically stable, depending on the chosen
parameters. This larger network must include the closures of all unstable
manifolds and therefore, typically, involves additional equilibria. There is no

13



general way to control the transverse stability of these equilibria and there-
fore the overall stability of the network: This is addressed in [14], where an
explicit example is given as well.

Our numerical results in Section 4 support the conjecture that the sub-
networks N usually possess some stability. Deeper insight into this aspect
will give further information on the exact nature of the connections created
in our construction, but is beyond the scope of this paper.

3.3 Robustness

It is worth noting that in system (4) all coordinate subspaces are dynamically
invariant by construction. We therefore focus on the non-negative orthant to
understand the dynamics. Both the heteroclinic and excitable connections
lie in invariant subspaces and the respective equilibria in the w-limit sets are
sinks within these. Therefore, all connections are robust in the sense that
they persist under perturbations to system (4) which respect this invariance.

In the original simplex method, there is a Zs symmetry in every coordi-
nate, given through the reflection across the respective hyperplane, i.e., the
system is equivariant with respect to changing the sign of any component
in the state vector. In our system (4), this symmetry is only partially pre-
served: The subsystem (4a) is Z) equivariant. The full system, however,
respects sign changes of coordinate entries only in the xf—entries. Hence, it
is Zy' X ... X ZyN equivariant. The reason for this discrepancy is that in the
equations for the xf -variables (4b) the bump functions &/ do not respect the
symmetry in X. A symmetric modification of the &/ could change this, so
that one obtains full Z5 x Z5* x ... x Zy" symmetry. However, as pointed out
above, due to the invariance of the coordinate subspaces this is not necessary
to ensure robustness.

3.4 Thresholds of excitable connections

In [11], an excitable connection for amplitude § > 0 is called proper if it has
nonzero threshold. This means there is ' € (0,0) such that no excitable
connection exists for amplitude ¢’. Since we have shown in the proof of
Theorem 3.3 that excitable connections [N; — Ng]s exist for any amplitude
0 > 0 when prescribed by the digraph I', these connections have threshold
zero and are thus not properly excitable.

In Section 2.1, we mentioned an example for excitable connections with
threshold zero that is also shown in [11], see Figure 2: There is a trajectory
converging in backwards time to a heteroclinic cycle [§; — & — & — & ]
of length three, and in forward time to another equilibrium &. That is, for

14



all § > 0 it passes through every neighborhood Bs(¢;), for j € {1,2,3}.
Therefore, this trajectory constitutes an excitable connection of threshold
zero between & and ¢ for j € {1,2,3}. An alternative characterization
of this situation is to say that there is a heteroclinic connection of depth
two from the cycle to the equilibrium &: Its w-limit is {£}, but its a-limit
consists of the entire cycle, and thus contains not only equilibria, but also
the heteroclinic connections between them.

In our construction, we showed that the a-limit sets of the excitable con-
nections are empty since all respective trajectories have unbounded compo-
nents in backwards time. Therefore, they are not heteroclinic of any depth.
This distinguishes our connections from those in [11].

3.5 Modification of time-scales

When it comes to practically observing trajectories that display the hierar-
chical transition structure according to a given collection of digraphs—e.g.
in numerical simulations—, one has to mitigate effects on different and par-
tially conflicting timescales, which depend on the stability properties of the
network. Heteroclinic and excitable connections have the property of ex-
ponentially decaying remaining times. That is, a trajectory initialized near
an attracting heteroclinic/excitable connection structure spends longer and
longer times near each individual equilibrium or invariant subset. The precise
times and, thus, the sequence of transitions depends on the initial condition
and the parameter values aj, agk in system (4). For some choices, it may
happen that certain transitions dictated by the collection of digraphs are not
observed, even though the connections exist in phase space. For example,
the transitions of the superstructure may happen too fast for any of the lower
hierarchical transitions to take place.

To mitigate such effects, we add additional parameters into the system,
which can be used to speed up or slow down certain parts of its dynamics.
Consider the adapted system

N
= (10101 4 St 60

k=1
@] = a] (‘1’ - (1 —[l27|* + Za?k(fﬂiV) bL(X) — Q- (1 bl(X))) . (6b)

This system is the same as the original realization (4) except for the param-
eters ®, U, ) > O0—more precisely, for & = ¥ = Q = 1, both systems are
identical. The additional parameters play the following roles:
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e & adapts the velocity of the superstructure dynamics,

e U adapts the velocity of the dynamics of the substructure dynamics,
when they are active according to the superstructure dynamics,

e () adapts the velocity of the decay to 0 of the substructure variables,
when the respective substructure is not active according to the super-
structure dynamics.

In comparison to system (4), a parameter A € {®, U, Q} thus speeds up its
respective component of the overall dynamics if A > 1 and slows it down if
A < 1. For additional fine-tuning further parameters could be introduced,
for example, by making ¥ and €2 dependent on j, i.e., allow them to differ
across the individual substructures.

Finally, we point out that none of these changes alter the validity of our
existence result in Theorem 3.3. In our proof, the existence of the invari-
ant sets and the equilibria depends on the zeros of functions which are now
multiplied by one of the parameters A € {®, ¥V, Q}. The existence of the
connections further depends on signs of eigenvalues of these functions. None
of these aspects change, when the entire function is multiplied with a posi-
tive parameter. Thus, the adapted system (6) realizes the same hierarchical
collection of digraphs as (4), when the parameters a;y, afk, ¢ are chosen as
in Theorem 3.3.

4 Examples and simulations

In this section, we use the simplex-simplex method to realize two collections
of digraphs as excitable networks. In both cases, we choose suitable param-
eters and simulate the trajectory of an exemplary initial condition near the
excitable network. These follow the excitable networks and reveal the de-
sired topological structure, indicating that our construction yields invariant
objects which bear some stability. This aspect is still an open challenge for
simplex method realizations, and we do not investigate it further here.

The structures we have chosen are simple but non-trivial examples of
hierarchical collections of digraphs, which can be realized by our method.
Their building blocks are digraphs consisting of three or four vertices. In both
collections, a single non-cyclic digraph appears, see Figure 4. It corresponds
to the well-studied Kirk-Silber network [24]. We have chosen this digraph as
an element of both constructions because it is a basic example of a digraph
containing two cycles. It has been shown that the simplex realization of
this digraph as a heteroclinic network exhibits a weak form of switching
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Figure 4: Digraph on four vertices corresponding to the Kirk-Silber network.

VAP

Figure 5: Sketch of a hierarchical collection of digraphs. The superstruc-
ture and two of the substructures correspond to 3-cycles, while the third
substructure corresponds to the Kirk-Silber network.

dynamics: For suitable parameter values, there are trajectories which follow
the upper cycle for a certain amount of time before making a switch to the
lower cycle which they then follow for all future times. This has been observed
in [24] already and investigated in more detail in [25]. We will see below that
our method correctly reproduces this behavior. The precise details of the
respective constructions for both examples are also discussed below.

4.1 Switching substructure

The first hierarchical structure we consider is sketched in Figure 5: The
superstructure digraph I is a directed 3-cycle, while the three substructures
are two 3-cycles G, Gy and a Kirk-Silber network Gs. Although there are no
vertex labels in the sketch, it is indicated that the edges of both substructure
3-cycles point in opposite directions. By choosing labels for all vertices for
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all four digraphs, we obtain adjacency matrices

010 010 00 1
A=10 0 1],A'=(0 0 1],A%=|1 0 0], A%=
1 00 1 00 010

__— 0 O
O OO
o O = O
o O = O

For the realization (4) (or (6)), we choose system parameters in accor-
dance with (3). These can conveniently be represented in matrix form as

0 1 15 0 1 -11
(ar) = -15 0 1 |, ()=1[-11 0 1

1 —-15 0 1 —-11 0

) -1 R
(OZZQI@) = 1 0 —1.1 ) (a?k> = 1 —-1.5 O —-15

-1.1 1 0 ' '

1 =15 =15 0

Furthermore, we set

5
5:02<%;

This choice of parameters fully determines system (4) and guarantees that
the hierarchical interaction structure in Figure 5 is realized as an excitable
network.

To simulate the system and observe the excitable interaction structure,
we make use of the adaptation outlined in Section 3.5. In particular, we
choose parameters

d=01, ¥=200 «=0.05.

With these additional parameters, the adapted system (6) is fully determined.
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Figure 6: Timeseries of the realization of the digraph in Figure 5. The top panel shows the dynamics of the
superstructure variables X. The three lower panels show the dynamics of the three substructure systems with
coordinates x!, 22, 23 respectively. The colored lines in all four panels correspond to the 3, respectively 4 components
of the vectors and are color coded according to the legend in Figure 11. The colored overlay in the lower three panels
indicates which of the subsystems is active, i.e., which equilibrium the X component is close to. A full discussion
including parameter values and interpretation can be found in Section 4.1.



Numerical simulation. We simulate system (6) determined by the choices
above for the initial condition

0.9 0.999 0.1 8?
X=101], z'=( 01 ], 22=[0999 ], 2°= 0'3
0.1 0.1 0.1 .

The trajectory of this initial condition is computed until ¢ = 2000. A time-
series is shown in Figure 6. The top panel contains the dynamics of the
superstructure variables X (more precisely, each colored line displays the
evolution of one of its components, color coded as in Figure 11). We observe
cyclic transitions

X1 1 0 0 1
X5 ~ ol =11} =10 =10 —---
X3 0 0 1 0

of the subsystem corresponding to the superstructure I'. In fact, the trajec-
tory does not reach any of these points, but gets closer and closer, spending
increasingly longer times in their vicinity, as indicated by the shaded, loga-
rithmically transformed timeseries.

The lower three panels of Figure 6 show the timeseries of the three subsys-
tems in variables !, 22, 2% (which are 3-, 3-, and 4-dimensional, respectively)
using the color code in Figure 11. Here, we see that each of the subsystems is
only “active” when the X trajectory is near the corresponding equilibrium,
otherwise all components in this subsystem decay to zero. Figure 7 shows
zooms of the substructure timeseries in exemplary timeranges. In panel (a),
subsystem 1 follows the cycle

71 1 0 0 1
) ~ o] = (1] —=({0]—=10] —-
3 0 0 1 0

In panel (b), subsystem 2 follows the opposite cycle
x? 1 0 0 1
x3 R~ O =10 —={1]—=(0] —-
3 0 1 0 0

Finally, subsystem 3 in panel (c), when first active, displays the following
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Figure 7: Zooming into substructure dynamics of Figure 6 for suitably chosen
timeranges. (a) Subsystem 1 displays cyclic behavior. (b) Subsystem 2
displays cyclic behavior in the opposite direction. (c¢) Subsystem 3 displays
switching behavior according to the Kirk-Silber network.

transitions:
3 1 0 0 1
x5 N 0 _ 1 . 0 _ 0
x% ~ 0 0 1 0
:vi 0 0 0 0
0 0 1 0 0 1
— L — 0 — 0 — L — 0 — 0 — -
0 0 0 0 0 0
0 1 0 0 1 0

That is, when the third subsystem is active for the first time, it follows
the upper cycle of the Kirk-Silber network once, before following the lower
cycle (i.e., the one containing the equilibrium point (0,0,0,1)T but not
(0,0,1,0)7). This transition occurs only in the first active time span. Af-
terwards, the 23 components of the trajectory continue following the lower
cycle exclusively. Summarizing, our simulation displays the desired behavior
that was proven to exist in Theorem 3.3: A driving superstructure reflecting
T and three subsystems that behave according to G1, Ga, Gs.

4.2 Switching superstructure

We now turn to the hierarchical structure sketched in Figure 8: The super-
structure digraph I is the Kirk-Silber network (four vertices), while the four
substructures are two 3-cycles Gi, Gy and two 4-cycles Gz, G4 with connec-
tions in opposite directions, respectively. By choosing labels for the vertices
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JARRIAN

Figure 8: Sketch of a hierarchical collection of digraphs. The superstructure
corresponds to the Kirk-Silber network, the substructures are 3- and 4-cycles
in opposing directions.

in all four digraphs, we obtain adjacency matrices

0100
0011
A=1100 0ol
1 000
010 001
At=10 0 1], A2=11 0 0],
100 010
0100 0001
0010 1000
3 4 _
=100 01 A=1010 0
1000 0010
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For the realization (4) (or (6)), we choose system parameters in accor-
dance with (3). These can conveniently be represented in matrix form as

0
—-1.5
(ajk) = 1
1

0
—-1.1
1

0
—-1.01
—1.01

0
4 1
—1.01
—1.01

1 —-15 —-15
0 05
-1.5 0 -15]°
-1.5 —-15
1 —11 0 -11 1
0 1 (z)=1 1 0o -11],
-1.1 0 -1 1 0
1 -1.01 -1.1
0 1 —1.01
~1.01 0 1|
~1.01 —1.01 0
~1.01 —1.01
0 —1.01 —1.01
1 0 -1.01
-1.01 1 0

To fully determine (4), we again set

e=02<

ol

This guarantees that the hierarchical interaction structure in Figure 8 is

realized as an excitable network.

As before, we choose timescale adaptation parameters

® = 0.1,

W = 200,

2 =0.05.

to simulate the system and observe the excitable interaction structure. This
determines the adapted system (6).
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Figure 9: Timeseries of the realization of the digraph in Figure 8. The top panel shows the dynamics of the super-
structure variables X. The four lower panels show the dynamics of the four substructure systems with coordinates
x', 22, 23, 2* respectively. The colored lines in all five panels correspond to the 3, respectively 4 components of the
vectors and are color coded according to the legend in Figure 11. The colored overlay in the lower four panels
indicates which of the subsystems is active, i.e., which equilibrium the X component is close to. A full discussion

including parameter values and interpretation can be found in Section 4.2.




Numerical simulation. We compute a trajectory for the initial condition

8? 0.999 069?9
X = ' coat=2t=] 01 |, 2=2'= '
0.3 01 0.1
0.000001 ’ 0.1

Figure 9 contains the timeseries plot until £ = 2000. The top panel shows the
dynamics of the superstructure variables X (more precisely, each colored line
displays the evolution of one of its components, color coded as in Figure 11).
Similar to before, it displays the transition from the upper to the lower cycle
according to the Kirk-Silber network

X4 1 0 0 1

Xy ~ 0_>1_>0_>0

X3 0 0 1 0

Xy 0 0 0 0
0 0 1 0 0 1

SR R I N I R0 S ) (R N O I

0 0 0 0 0 0
0 1 0 0 1 0

Note again that the trajectory never actually reaches any of these points, but
spends increasingly longer times in their vicinity every time it approaches
them. As before, this can be seen in the shaded, logarithmically transformed
timeseries.

The lower four panels of Figure 6 show the timeseries of the four sub-
systems in variables z!, 2, 23 2% (which are 3-, 3-, 4-, and 4-dimensional,
respectively) using the color code in Figure 11. Again, each of the sub-
systems is only “active”, when the X trajectory is near the corresponding
equilibrium. When a subsystem is inactive, all its components decay to zero.
Zooming into the subsystem panels (as is exemplified in Figure 10) unveils
details of the respective dynamics. One can see that subsystem 1 in panel (a)
follows the cycle

r} 1 0 0 1

) ~ ol =-[1]=(0]=[0] —-

i 0 0 1 0
Subsystem 2 in panel (b) follows the opposite cycle

3 1 0 0 1

x3 A2 O] = (0] —=1|1|—=1(0]—-

3 0 1 0 0
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Figure 10: Zooming into substructure dynamics of Figure 9 for suitably
chosen timeranges. (a) Subsystem 1 displays cyclic behavior between three
states. (b) Subsystem 2 displays cyclic behavior between three states in the
opposite direction. (c¢) Subsystem 3 displays cyclic behavior between four
states. (d) Subsystem 4 displays cyclic behavior between four states in the
opposite direction.

Similarly, subsystem 3 in panel (c) follows the 4-cycle

23 1 0 0 0 1
= o 1 0 0 0
1% lo]l T ol 7] T ol T o] T
o 0 0 0 1 0

Subsystem 4 in panel (d) follows the same 4-cycle in opposite direction.

o 1 0 0 0 1
A1 o 0 0 1 0
A1 Aol 7ol 7| 7 o] 7o T
w 0 1 0 0 0

Summarizing, the simulation displays the desired behavior that was proven
to exist in Theorem 3.3: A driving superstructure reflecting I'" and four sub-
systems that behave according to Gi, Gq, G3, Gy.

4.3 Remarks about the numerics

All of the numerical simulations discussed above have been performed in
Python 3.12.1. The numpy-package is used for data storing. Crucially, tra-
jectories are simulated via the solve_ivp-routine from the scipy-package
employing the RK45 (Runge-Kutta 45) method with tolerances rtol=1e-12,
atol=1e-12. To avoid numerical instabilities, the simulation is performed in
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Figure 11: Legend of the color-coding for all subsystems in Figures 6, 7, 9
and 10.

logarithmically transformed coordinates, which also requires the implemen-
tation of a suitably transformed vector field. For reproduction purposes,
the code, including plotting commands, has been made available in an open
repository [26]. The simulations were run on a local personal computer and
did not take more than a few minutes. After running the main script, the
routines for simulation and timeseries plotting can be run from the console.

5 Discussion

5.1 Summary and general comments

In this article, we have presented a method for realizing a collection of di-
rected graphs as a network in the phase space of a dynamical system, with
excitable connections between different heteroclinic networks. As such, the
dynamics exhibits transitions on two hierarchical levels. Our construction
method is general in the sense that any 1- and 2-cycle free digraph can be
realized on either hierarchical level. It is based on a suitable coupling of
multiple realizations of individual digraphs according to the simplex method
presented in [10]. We further discussed how different time-scales can be modi-
fied by adapting parameters, which is particularly significant for experimental
observations of the desired transitions.

The hierarchical transition structures in our systems cannot only be re-
garded as dynamical transitions between realizations of different digraphs.
Instead, they can be seen as a realization of dynamical transitions between
different interaction structures on the same set of vertices. In this interpreta-
tion, our construction yields a dynamical realization of a temporal network,
i.e., a network with temporally changing interaction structure. We believe
that this construction method can be a useful modeling tool for the de-
scription and investigation of complex systems with competing modulating
mechanisms, such as competition scenarios in which competitors drop out of
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the game driven by some external mechanism.

The simplex method is a key element of our construction. In its original
form, it generates heteroclinic connections between equilibria. Our general-
ization to invariant sets destroys the convergence in backwards time, as out-
lined above. Nonetheless, in forward time the dynamical behavior is identical
to that of a heteroclinic network. Indeed, our numerical simulations suggest
that the simulated trajectories behave in a way that is consistent with the
presence of a depth two heteroclinic connection in forward time. We conjec-
ture that this is the case for realizations of other collections of digraphs as
well—the precise stability properties of the respective substructure realiza-
tions N; are crucial here. However, as already pointed out in [10], no general
results on stability and attraction of networks obtained through the simplex
method are known.

5.2 Further construction methods

Our realization method suggests several angles of generalization and adap-
tation. In particular, the mechanism that relates super- and substructure
realizations is reasonably flexible. Below we briefly and heuristically dis-
cuss some possibilities to replace parts of the construction to generalize our
results.

Employing different realization methods. Our method uses the sim-
plex method from [10] for realizing both the super- and the substructure.
Other realization methods exist that could be coupled in a similar way to
obtain different hierarchical networks. For example, also in [10], the au-
thors propose the cylinder method in which all equilibria are located on a
single coordinate axis and each connection occurs within its own coordinate
plane. This method can be used to replace one or both (super-/substructure)
parts of our hierarchical realization. As long as the general structure of (4),
consisting of a driving system and coupling modulated by suitable bump
functions, is preserved, the global realization mechanism remains the same.
That is, a very similar proof to the one of Theorem 3.3 should show that the
hierarchical structure can be realized as an excitable network with either or
both of super- and substructure being realized by the cylinder method.

Hierarchical connections between other invariant sets. There are
many cases in the literature where heteroclinic connections have been stud-
ied between invariant sets other than equilibria, such as periodic orbits and
even chaotic sets, see e.g. [27] and [28], respectively. The mechanism under-
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lying our hierarchical construction method is also not restricted to the case
where the dynamics on the lower hierarchical level are heteroclinic networks
between equilibria. Instead, the superstructure could modulate dynamical
transitions between a collection of arbitrary invariant sets. To that end, one
has to replace the non-trivial component of the convex combination in (4b)
by a suitable equation that generates the desired invariant set. Likely, pa-
rameters would have to be carefully tuned to ensure that both the invariant
substructures as well as the superstructure modulations will be observable in
an actual realization.

More levels of hierarchy. In the same spirit as the previous paragraph,
our construction idea can be generalized in an iterative manner: Multiple
hierarchical realizations as in (4), each in their own respective coordinate
space, could be considered as the invariant sets of a driving superstructure
which are then coupled by a similar driver plus bump function construction
as before. This realizes a three level hierarchical collection of digraphs as
an excitable network of excitable networks of heteroclinic networks. This
iterative process can in principle be generalized to an arbitrary number of
hierarchy levels.

Adaptation to heteroclinic connections only. The main reason why
the proposed realization method generates excitable connections with thresh-
old 0 instead of heteroclinic connections stems from the techniques in the
substructure realization in (4b). Therein, the second part of the convex
combination controls the behavior of the substructure variables 7 when the
7-th substructure is inactive. It causes these variables to become unbounded
in backwards time along trajectories which in forward time converge to N;.
If such behavior is undesired from a modeling perspective, this part of the
convex combination can be modified as well. For example, replacing the —x;:

term by (2] — 1) causes the respective variable to be restricted to the com-
pact interval [0, 1] for suitable initial conditions that guarantee convergence
to IN; in forward time. More precisely, the modified system

N
X;=X; (1 — |1 X1* + Zaij13> (7a)

i} =1} ((1 —[l=/[I* + Z afk(%’i)z> bL(X) — (1= b1(X))(1 - ﬂ)) (7b)

(with all changes compared to (4) highlighted in red) causes the substruc-
ture variables ] to decay to 0 in forward time when N, is not active (as
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before), but to converge to 1 in negative time when Nj; is not active. Thus,
the connecting excitable trajectories discussed in the proof of Theorem 3.3
do not have empty a-limit sets. In particular, if we extend the definition
of the invariant substructures N; to allow for 2% € {0,1} (instead of only
0), these are dynamically invariant for the modified system and there are
heteroclinic connections between them according to the superstructure I'.
This does, however, come at the cost of having the substructures consist
of multiple copies of each individual network in different regions of phase
space. Nonetheless, if this cost is accepted, one obtains proper heteroclinic
connections.

5.3 Outlook

A key challenge in deriving our hierarchical construction method lies in the
fact that the classical realization methods for digraphs as heteroclinic net-
works do not suggest a canonical way to replace equilibria by more general
invariant sets. Instead, both the equilibria and the dynamical transitions de-
pend crucially on the specific choice of coordinates and governing functions.
Our method is therefore natural in the sense that, informally speaking, it re-
places each coordinate axis by an individual subspace and each equilibrium
by an invariant set (which is itself a digraph realization) in the respective
subspace. This makes it an intuitive tool that should be applicable to various
real-world hierarchical systems.

However, the resulting system is potentially high-dimensional and some
of the connections are excitable instead of heteroclinic. We believe that it
is also possible to realize a hierarchical collection of digraphs in a lower-
dimensional system with truly heteroclinic connections and without having
multiple copies of the invariant sets as discussed above—at the cost of some
restrictions in applicability. We will expand on this idea in a follow-up paper.
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